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Trace estimation and the matvec query model

Setting: Given a 𝑛 × 𝑛matrix𝐀

Goal: Estimate tr(𝐀) = 𝐴1,1 + 𝐴2,2 + ⋯ + 𝐴𝑛,𝑛

Constraint: Can only access𝐀 bymatrix-vector product queries



Why a matrix vector product query model?

Pros:

– Inmany linear-algebra algorithms, matrix-vector products dominate the cost

of computation

– We can hope to prove query complexity low-bounds to understand the

hardness of linear algebra problems

Cons:

– Ignores arithmetic costs

– Matvecs maynot be true core primitive



The basic algorithm

We can get the exact tracewith 𝑛matvec queries.

1. Multiply𝐀with 𝐞𝑖 = [0, … , 0, 1, 0, … , 0] to read off the 𝑖-th column.
2. extract the 𝑖-th entry of 𝐀𝐞𝑖, and add to running sum

3. Repeat.

Canwe get the trace approximatelywith far fewer queries?
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A randomized estimator

Let 𝐯 be a randomvectorwhere 𝑣𝑖 ∼ unif(−1, +1) iid. Consider the estimator,

𝐯T𝐀𝐯 = ∑
𝑖,𝑗

𝑣𝑖𝑣𝑗𝐴𝑖,𝑗.

What is the expectation?

𝔼[𝐯T𝐀𝐯] = ∑
𝑖

𝔼[𝑣2
𝑖 ]𝐴𝑖,𝑖 + ∑

𝑖≠𝑗
𝔼[𝑣𝑖𝑣𝑗]𝐴𝑖,𝑗 = ∑

𝑖
1𝐴𝑖,𝑖 + ∑

𝑖≠𝑗
0𝐴𝑖,𝑗 = tr(𝐀).

What about the variance?

𝕍[𝐯T𝐀𝐯] = ∑
𝑖,𝑗,𝑘,ℓ

𝔼[blah(𝑖, 𝑗, 𝑘, ℓ)] = 2‖𝐀 − diag(𝐀)‖2
F = 2 ∑

𝑖≠𝑗
𝐴2

𝑖,𝑗.
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Other distributions?

Some simple distributions:

– iid signs: 2‖𝐀 − diag(𝐀)‖2
F

– For vectorswith real iid entries, this is theminimumvariance distribution1

– iid Gaussians: 2‖𝐀‖2
F

– real sphere: 2𝑛
𝑛+2(‖𝐀‖2

F − 1
𝑛 | tr(𝐀)|2)

– This is theminimax distribution over all 𝑛 × 𝑛 (symmetric) matrices

Great overview: Epperly 2023

By averaging𝑚 iid copies, we can get accuracy𝑂(‖𝐀‖F/√𝑚). Note that this is
independent of 𝑛 (if the norm is constant)!

Lower bounds show that even𝑚 adaptive quadratic form queries can’t do better

than𝑂(1/√𝑚) queries2

1Hutchinson 1989.
2Wimmer,Wu, and Zhang 2014.
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Variance reduction

Idea: Given amatrix �̃� of known trace, decompose

tr(𝐀) = tr(�̃�) + tr(𝐀 − �̃�).

If ‖𝐀 − �̃�‖2
F ≪ ‖𝐀‖2

F, the variance can be improved greatly by applying the random

estimator to the remainder𝐀 − �̃�.

Question: Howdowe determine �̃� (in thematvec querymodel)?

– Sketching!
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Hutch++ (Meyer, Musco, Musco, and Woodruff 2021)

Wewill construct𝐐 approximating the top subspace of 𝐀 and set �̃� = 𝐐𝐐T𝐀. We
can get a variance reduced estimator:

Hutch++ = tr(�̃�) + 1
𝑚

𝑚

∑
𝑖=1

𝐯T
𝑖 (𝐀 − �̃�)𝐯𝑖

1. Form 𝐘 = 𝐀𝐆,𝐆 𝑛 × 𝑚Gaussian 𝑚matvecs

2. Form𝐐 = orth(𝐘)
3. Form �̃� = 𝐐𝐐T𝐀 𝑚matvecs

4. Compute tr(�̃�) = tr(𝐐T𝐀𝐐)
5. Approximate tr(𝐀 − �̃�) = tr((𝐈 − 𝐐𝐐T)𝐀) by 1

𝑚 ∑𝑚
𝑖=1 𝐯T

𝑖 (𝐈 − 𝐐𝐐T)𝐀𝐯𝑖 𝑚matvecs



Hutch++: Analysis

The entire variance of the estimator comes from step 5. Suppose𝐀 is positive

definite. Then:

Fact: ‖𝐀 − [𝐀]𝑘‖2
F ≤ 1

4𝑘 tr(𝐀)2, where [𝐀]𝑘 is the optimal rank-𝑘 approximation

Fact: 𝔼‖𝐀 − 𝐐𝐐T𝐀‖2
F ≲ 2‖𝐀 − [𝐀]𝑚/2‖2

F

Together:

𝕍[Hutch++] ≈ 2
𝑚𝔼‖(𝐈 − 𝐐𝐐T)𝐀‖2

F ≤ 1
𝑚2 tr(𝐀).

Using𝑂(𝑚) vectors, we get a𝑂(1/𝑚) relative approximation. This is a quadratic
improvement and nearly optimal3 inmatvec querymodels!

3Meyer, Musco, Musco, andWoodruff 2021.
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Related ideas

Similar deflation ideas suggested in physics4 and numerical analysis5

Subsequent improvmenets:

– Persson, Cortinovis, and Kressner 2022: automatic allocation of matvecs to

low-rank approximation and stochastic trace estimation

– Epperly, Tropp, andWebber 2023: exchangability princple and cheap

downdating– use all matvecs for both

4Girard 1987; Lin 2016; Morita and Tohyama 2020.
5Wu, Laeuchli, Kalantzis, Stathopoulos, and Gallopoulos 2016; Gambhir, Stathopoulos, and

Orginos 2017.



Structured trace estimation

What if 𝐀 has additional structure?

– If 𝐀 is nearly diagonal, using [±1, ±1, ±1, …]works reallywell.
– If 𝐀 is nearly tridiagonal, we can use [±1, 0, ±1, 0, …] and [0, ±1, 0, ±1, …]

More generally, can try to recover𝐀 frommatvec queries.6

6Halikias and Townsend 2022.



What about matrix functions?

An 𝑛 × 𝑛 symmetric matrix𝐇 has real eigenvalues and orthonormal eigenvectors:

𝐇 =
𝑛

∑
𝑖=1

𝜆𝑖𝐮𝑖𝐮T
𝑖 .

Thematrix function 𝑓(𝐇) is defined as

𝑓(𝐇) ∶=
𝑛

∑
𝑖=1

𝑓(𝜆𝑖)𝐮𝑖𝐮T
𝑖 .

Inmany applications of trace estimation,𝐀 = 𝑓(𝐇).



Approximating products with 𝑓(𝐇): Krylov subspace methods

If 𝑓(𝑥) is a degree 𝑘 polynomial, thenwe can exactly commpute 𝑓(𝐇)𝐯 using 𝑘
matvecswith𝐇.

More generallywe can approximate 𝑓(𝐇)𝐯 from the information in the Krylov

subspace

𝒦𝑘+1(𝐇, 𝐯) = {𝑝(𝐇)𝐯 ∶ deg(𝑝) ≤ 𝑘} = span{𝐯, 𝐇𝐯, … , 𝐇𝑘𝐯}.

Onewell-known approach is by using the information generated by the Lanczos

algorithm.7

7Druskin and Knizhnerman 1992; Saad 1992.



Hutch++ for matrix functions?

1. Form 𝐘 = 𝐀𝐆,𝐆 𝑛 × 𝑚Gaussian

2. Form𝐐 = orth(𝐘)
3. Form �̃� = 𝐐𝐐T𝐀
4. Compute tr(�̃�) = tr(𝐐T𝐀𝐐)
5. Approximate tr(𝐀 − �̃�) = tr((𝐈 − 𝐐𝐐T)𝐀) by 1

𝑚 ∑𝑚
𝑖=1 𝐯T

𝑖 (𝐈 − 𝐐𝐐T)𝐀𝐯𝑖

Thought: in step 1, approximate𝐀𝐆 from span{𝐆, 𝐇𝐆, … , 𝐇𝑞𝐆}.

Observation: If we take𝐐 = span{𝐆, 𝐇𝐆, … , 𝐇𝑞𝐆} the projection stagewill be
better (for the same number of matvecswith𝐇)

Worry: In step 3,wewill approximate𝐀𝐐 from span{𝐐, 𝐇𝐐, … , 𝐇𝑡𝐐}. If 𝐐 has a lot

of columns, thiswill bemore expensive.
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Krylov-aware trace estimation

Suppose𝐐 = span{𝐆, 𝐀𝐆, … , 𝐀𝑞−1𝐆}

Observation: We can build our approximation to𝐀𝐐 by continuing the block

Krylov susbpacewith𝐆.

span{𝐐, 𝐇𝐐, … , 𝐇𝑡𝐐} = span{𝐆, 𝐇𝐆, … , 𝐇𝑞𝐆,
𝐇𝐆, 𝐇2𝐆, … , 𝐇𝑞+1𝐆,

⋱
𝐇𝑡𝐆, 𝐇𝑡𝐆, … , 𝐇𝑡+𝑞𝐆}

= span{𝐆, 𝐇𝐆, … , 𝐇𝑡+𝑞𝐆}.



Krylov aware stochastic trace estimation8

This “Krylov aware” idea is simple, but providesmany benefits.

– use a (much) larger projection space “for free”

– algorithm is nowagnostic to 𝑓
– we can easily compute approximations to tr(𝑓(𝐇)) for multiple 𝑓without
additional matrix productswith𝐇.

– in particular, the approximationwe get is a quadrature approximation forΨ

Note also that this illusrates thatwe should’t just naievely usematvec query

algorithmswith Krylov subspacemethods to computematvecswith𝐀 = 𝑓(𝐇).

8Chen and Hallman 2022.



Example: equilibrium thermodynamics of quantum spin systems

In quantumphysics,we oftenwish to compute tr(𝑓(𝐇)) = tr(exp(−𝛽𝐇)) for all𝛽 > 0.
– if 𝛽 = ∞ (zero temperature), thenwe only need ground state(s)

– if 𝛽 = 0 (high temperature), then quadratic trace estimationworks verywell
– for intermediate beta, wemight expect low-rank approaches toworkwell

eigenvalues of 𝐀

ei
g
en

v
a
lu
es

o
f

𝑓(
𝐀

)

eigenvalues of 𝐀 eigenvalues of 𝐀 eigenvalues of 𝐀

large 𝛽 −−−−−−−−−−−−−−−−−−−−−−−−→ small 𝛽



Example: quantum spin systems; tr(exp(−𝛽𝐀))

10−2 10−1 100 101 102 103

1/𝛽

10−6

10−5

10−4

10−3

10−2

10−1

100

re
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v
e
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r

low-rank only

quadratic trace estimation only

our alg: same cost/stage

our alg: same total cost
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Variants

We also have a number of modifications tomake this ideamore practical:

– Using the information in the space span{𝐆, 𝐀𝐆, … , 𝐀𝑞+𝑡𝐆}we can approximate

‖(𝐈 − 𝐐𝐐T𝑓(𝐀)‖

in order to determine a good value of 𝑞; see also9

– If memory or reorthogonalization costs are an issue,we can use restarting, and
pick𝐐 ⊂ span{𝐆, 𝐀𝐆, … , 𝐀𝑞+1𝐆}
– e.g. 𝐐 = 𝐀𝑞+1𝐆

9Persson, Cortinovis, and Kressner 2022.



Conclusion

There is a lot of work on trace estimation in thematvec querymodel

Lots of potential for lower bounds

Instead of applyingmatvecswith𝐀 = 𝑓(𝐇)with a black-box Krylovmethod,we
should look into the box
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