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INTRODUCTION

Computational approaches to the pressing and world-changing questions of today are reliant on
sub-routines for fundamental linear algebraic tasks. One important set of such tasks is computing
matrix functions and products of matrix functions with vectors. Matrix functions transform the eigenvalues
of a symmetric (or Hermitian) matrix according to some scalar function while leaving the eigenvectors
untouched. For example, the matrix inverse, which corresponds to the inverse function f(x) = 1/x, inverts
each of the eigenvalues of the given matrix. Other common matrix functions include the matrix sign,
logarithm, exponential, square root, and inverse square root.

In many situations, it is desirable to compute a vector equal to the product of a matrix function with
a fixed vector (rather than the matrix function itself). For instance, the matrix inverse applied to a vector
corresponds to the solution of a linear system of equations, which is useful, even without knowing the inverse
matrix. Beyond the multitude of applications of linear systems, matrix functions applied to vectors are used
for computing the overlap operator in quantum chromodynamics [EFLSV02], solving differential equations
in applied math [Saa92; HL97], Gaussian process sampling in statistics [PJEDG20], principle component
projection and regression in data science [JS19], and a range of other applications [Hig08].

Computing a scalar equal to the quadratic form of a matrix function and fixed vector is similarly desirable
and is often combined with stochastic trace estimation [Hut89; MMMW21] to approximate the trace of a
matrix function [UCS17; CTU21a]. Applications of the trace of matrix functions include characterizing
the degree of protein folding in biology [Est00], maximum likelihood estimation in statistics [BP99; PL04],
designing better public transit in urban planning [BS21; WSMB21] and finding triangle counts and other
motifs in network science [Avr10]. The trace of matrix functions is intimately related to spectral density
estimation, which is used in electronic structure computations [DCL70; WB72; HHK72] and other tasks
in physics [WWAFO06], probing the behavior of neural networks in machine learning [GKX19; Papl9;
YGKM20]. and load balancing modern parallel eigensolvers in numerical linear algebra [Pol09; LXES19].

PERSONAL BACKGROUND/ACOMPLISHMENTS

Thesis. My thesis work is centered on the Lanczos method for matrix function approximation (Lanczos-
FA) [HS52; Saa92]. Lanczos-FA is an algorithm for applying matrix functions to vectors and computing
quadratic forms involving matrix functions and is among the most efficient and widely used method for all
of the applications listed above. Critically, like many methods for solving linear systems, Lanczos-FA does
not require computing a full matrix function in order to compute the product of a matrix function with a
vector. Changing computing goals and environments necessitate continued research, and my thesis aims to
address this need by (i) analyzing existing Lanczos-FA based algorithms for tasks which have emerged in
recent years (e.g. studying large neural networks) [CTU21a; CTU21b; CGMM21a; CGMM21b; CT21] and
(ii) designing more efficient implementations of Lanczos-FA for use in modern computing environments
(e.g. distributed memory supercomputers) [CC20; CGMM21b].
Accomplishments.  During my PhD, I was fortunate to be supported by the NSF Graduate Research
Fellowship Program (GRFP). The GRFP provided me the freedom to work on problems which interested me
individually and which aligned with my career goal of supporting basic science. As a result, over the past
several years, my research has repeatedly received special recognition. In particular:

* I won best student paper award at the 16th Copper Mountain Conference on Iterative Methods.

* I gave a long presentation at the International Conference on Machine Learning (ICML) 2021

(= 3% of submissions were selected for long presentations).
* [ was awarded Boeing research award by my department.



OVERVIEW OF PROPOSAL
If the mathematical science postdoctoral research fellowship is awarded, I will build on my PhD work
by combining the power of recent randomization techniques from theoretical computer science and
optimization with the practicality of Krylov subspace methods (like Lanczos-FA) from applied math.
Towards this end, the sponsoring scientis_and intended co-mentor both
of whom are professors at New York University (NYU), have been carefully chosen for their expertise in
theoretical computer science, optimization, and numerical linear algebra. The chosen research objectives
require combining ideas and techniques from a range of backgrounds, but, as a result, have the potential
to significantly benefit the advancement and sharing of knowledge across the sciences. Simultaneously,
my outreach objective of organizing equitable conference and seminar sessions will contribute to building a
more inclusive scientific community.
At a high level, my research and outreach objectives are:

RO 1. Compare the convergence guarantees and practicality of the conjugate gradient algorithm with

recently developed fast stochastic gradient methods for the task of solving linear systems.
RO 2. Extend stochastic gradient methods for linear systems to the more general task of applying

matrix functions to vectors.
RO 3. Design refined estimates for matrix function trace estimation and develop new randomized

sketching based approaches for computing general matrix functions from the ground up, rather

than as ad-hoc combinations of existing techniques.

00. Organize conference and seminar sessions with diverse speaker lineups and research focuses.

RESEARCH OBJECTIVES
Throughout this section, A will be anxn symmetric matrix with eigenvalues Adpax = 41 >+ -+ > A, = Apin
and corresponding (orthonormal) eigenvectors uy, . . ., u,. Thus, A = Z?zl /l[uiulT and ul.Tu ; =0ifi # jand

1 if i = j. The average eigenvalue is Ay := (4] + - - - + 4,)/n = tr(A)/n. Given a function f : R — R, we
define the matrix function f[A] in the usual way by f[A] := X7, f (xll-)ul-ul.T. Thus, f[A] is a matrix with
the same eigenvectors as A but whose eigenvalues are transformed by f (again, the proptotypical matrix
function is the matrix inverse which corresponds to f(x) = 1/x). Finally, when A is positive definite (i.e.
Amin > 0), the A-norm of a vector y, denoted ||y]|a, is given by vy Ay.
Research Objective 1: Compare conjugate gradient and fast stochastic gradient methods. When A is
positive definite, the conjugate gradient algorithm (CG) [HS52], which can be viewed as a special case of
Lanczos-FA, is of the most used methods for approximating A~'b, the solution to the linear system Ax = b.
CG outputs an estimate X satisfying ||A~'b — %|| < € in runtime O(ns+/x log(1/€)), where s = s(A) is the
maximum number of nonzero entries in a row of A and x = Apax/Amin is the condition number of A [Gre97].
However, in the past few years, a collection of fast stochastic gradient methods (SGMs), such as accelerated
coordinate descent and stochastic variance reduced gradient, offer runtime guarantees of O(nsV«* log(1/¢)),
where k* = Aave/ Amin is the “smoothed condition number” of A [LS13; JZ13; AKKLNS17].

It’s always true that «* < «, and in practice, it’s often the case that * < «. Thus, in settings where CG’s
v/ runtime bound is tight, fast SGMs provably outperform CG. However, CG often performs far better than
the vk bound, and it’s unclear whether SGMs still outperform CG in such settings. Moreover, while CG
accesses A through matrix-vector products, SGMs, which are based on randomized estimates to the gradient,
access A through sequential inner products with individual rows of A. Since a matrix-vector products is
equivalent to n inner products, the theoretical runtimes of the algorithms are comparable. However, the
inner products in a matrix-vector product can be optimized through parallelization or other hardware-aware
approaches, so the real-world runtime of a matrix-vector product is often far shorter than if the constituent
inner products were computed sequentially.

Spectrum dependent bounds.  The optimality of CG over Krylov subspace means there exist a range of
“spectrum dependent” bounds which account for more information about the spectrum of A than just the



largest and smallest eigenvalues [Gre89; Gre97]. During my PhD I extended many existing bounds for CG
to bounds for Lanczos-FA and related algorithms [CGMM21a; CTU21a; CGMM21b]. However, existing
bounds are not easily compared directly to the Vk* bound for SGMs described above. Thus, in order to make
a more direct comparison between CG and SGMs, I will seek spectrum dependent bounds for CG depending
on the smoothed condition number «*.

Average case analysis. My second approach, complimentary to the first, will be to consider the average case
behavior of CG and fast SGMs when applied to a large random system. CG has been studied extensively in
this setting, and in certain cases it is known that the 4/x bound is tight [DT20; PT20] whereas in others it
is known that it is loose [BKO1; DT21]. Gradient descent and accelerated gradient descent have also been
studied in this setting [PMPP20; PLPP21]. The range of existing works will provide the groundwork for a
similar analysis of fast gradient methods. However, fast SGMs access the matrix A in fundamentally different
ways than CG and (accelerated) gradient descent; specifically, the fact SGMs use randomized estimators of
the gradient rather than the full gradient. Therefore, analyzing these algorithms in this setting is non-trivial
and will require the development of new analysis techniques.

Research Objective 2: stochastic methods for f[A]b. If f(x) = 1/x, then f[A]b = A~!b is the solution
to the linear system of equation Ax = b. In this case, a range of algorithms can be used to compute
approximations to f[A]b, including CG and the fast SGMs described above. For general f, however, current
techniques are far more limited. The most common approaches are closely related to Lanczos-FA, which is
a generalization of CG. Deriving a generalization of SGMs for this task remains open, but has the potential
to yield algorithms which inherit the fast runtime gurantees of SGMs.

It’s often possible to approximate f[A]b by a proxy rational matrix function of the form };(A + ¢;I)~'b
or 3;,(A% + ¢;I)"'b; i.e. by solving a series of shifted linear systems [HHT08]. CG/Lancos-FA can solve all
of the systems for essentially the cost of solving a single system by taking advantage of redundant information
[GS21; CGMM21b]. It’s known that SGMs can be used to efficiently solve individual systems from both
classes of approximation [JS19], but how to efficiently solve the sequence of systems by taking advantage
of the shift structure is less clear. Understanding this will serve as a preliminary step towards deriving new
methods for computing f[A]b.

Research Objective 3: trace and low-rank approximation of f[A]. The most widely used algorithms
for estimating tr( f[A]) = f(A;) + --- + f(4,) are closely related to the task of computing b"f[A]b for a
suitible choice of random vector b; i.e. using stochastic trace estimation [Hut89]. While a range of existing
analyses balance the errors of stochastic trace estimation with the convergence guarantees of Krylov subspace
methods [UCS17; CTU21a; CTU21b], these analyses do not take advantage of the specific properties of the
randomized estimator, and instead apply general worst-case bounds for KSMs. Thus, I will design (high
probability) bounds which take advantage of the full random structure of b. This is closely related to the
average case analysis approach in Objective 1, although here the randomness is due to b rather than A.

Following the successful analysis of stochastic matrix function trace estimation, I will study the more
general task of low-rank approximation via matrix sketching. Low rank approximations to a matrix are
widely useful because they they can easily speed up essentially any downstream applications involving the
original matrix. A variety of algorithms for obtaining a low rank approximations have been developed,
and a large number of such algorithms are based on an algorithmic technique called sketching [MT20;
MM15]. A core step of sketching involves computing the product of the matrix in question with a set of
suitably chosen random vectors. If this matrix is a matrix-function f[A], then each of these products can
be computed approximately using Lanczos-FA or the proposed methods from Objective 2. This naturally
yields algorithms for obtaining low rank approximations to f[A], and balancing the error from the sketching
step with the error from Lanczos-FA is a reasonable and fairly straightforward task. However, as with matrix
function stochastic trace estimation, there is significant potential for redundancies, and accounting for this
has the potential to lead to better algorithms.



Extensions to non-normal matrices. Objectives 2 and 3 have been framed in the setting of symmetric
matrices (which are normal). The Cauchy Integral Formula yields a natural way of defining a matrix function
of a non-normal matrices, and the same questions are still relevant in the non-normal setting. However, the
behavior of non-normal matrices is far more subtle and difficult to analyze than the behavior of their normal
counterparts. Therefore, the extension of these objectives to the non-normal setting provides a set of new
non-trivial problems.

A range of the work from my PhD focuses on algorithms for symmetric matrices, but in many cases,
the ideas can be naturally generalized to non-normal matrices. In fact, in several cases we have preliminary
results in this direction. Generalizing these analyses to the non-normal setting is more straightforward than
generalizing some of the objectives in this section since we have already addressed the symmetric/normal
case. Working on generalizing the work from my PhD will provide a natural entry point to non-normal
numerical linear algebra which I will use to familiarize myself with the tools and techniques needed to
address the proposed research objective in the non-normal setting.

CAREER DEVELOPMENT AND CHOICE OF SPONSORING SCIENTIST/HOST INSTITUTION

The MSPREF offers a once-in-career opportunity to have near complete control over the research envi-
ronment [ will be in during the next few years. During my PhD I worked closely with co-advisors and
collaborators from a range of distinct research backgrounds. This experience motivates me to pursue a
similarly diverse environment as preparation for a career of collaborative and cross-disciplinary work. The
sponsoring scientis I 2nd intended co-mentor (S Ve backgrounds
complimentary to my own which are well suited to support me in successfully carrying out the research
objectives of this proposal. In addition, the research community at the host institution, New York Uni-
versity, and throughout the greater New York City area provides a unique opportunity to collaborate
with researchers from a huge number of nearby academic and industry institutions.

Beyond mentorship, NYU and it’s proximity to other research institutions will directly support my career

development by providing easy access to a wide range of researchers including-
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BROADER IMPACTS

Working closely with_ill help strengthen ties between theoretical computer science,
optimization, and numerical linear algebra, and
This, in and of itself, is a meaningful contribution — the intersection of these
fields contains a wealth of important problems, and engaging in such collaborations serves as a stepping
stone for future collaborations between researchers in these fields.

Research Objectives. The proposed research objectives support basic science by ensuring that fundamental
linear algebraic tasks can be solved quickly and with sufficient accuracy. Since algorithms for these tasks
are often used in a modular fashion in downstream applications, any new algorithms developed have the
potential to immediately speed up these applications. All research code I write is released to the public
domain at the same time the corresponding manuscript is posted. The code is formatted such that all figures
can be generated by executing a single script to help ensure the accuracy and reproducibility of the figures
and experiments in my papers. Moreover, because the code is open source, it can easily used by others.

Outreach Objective. My outreach objective is to continue organizing conference and seminars sessions with
the aim of ensuring speaker lineups are representative of broader society, not just the current state of science or
academia. Finding potential speakers from underrepresented groups is inherently difficult, but during
my PhD I have gained experience doing exactly this. For example, in the

chieving this level of representation took
a deliberate and extended effort on my part, not only to find and invite a diverse set of speakers, but also to
design a topic for the session which would maximize the number of potential speakers from underrepresented
groups as well as provide a range of research backgrounds and perspectives.

I also aim to invite speakers who will provide a diversity of perspectives, especially perspectives which
are directly relevant to increasing equity within the field. As an example, when organizing the department’s
numerical analysis seminar I brought in a data-ethicist to speak about her research, which addresses important
questions such as the role of data and algorithms in perpetuating system injustices along the lines of rage,
gender, and ability. Such topics are obviously of great importance, but are not formally taught in most STEM
programs, necessitating the need for other means of dissemination.

Other Service. Beyond research, I will continue to work to empower the next generation of scientists by
advocating for increasing student representation in academia, by creating inclusive and engaging classroom
environments, and by direct mentorship, and I have demonstrated a commitment to this type of outreach
during grad school. For instance, I served as my department’s graduate student representative (GSR) for
the 2020-2021 academic year during which I (i) organized the student body to (successfully) petition the
department for more transparency and representation in future faculty hirings, and (ii) requested, and helped
implement, the use of gender-neutral phrasing on the department’s website. I have also helped organize
and served on many student panels related to grad student wellbeing, including panels on mental health and
department culture/climate.
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